On the height of solutions to norm form equations by Akhtari, Shabnam & Vaaler, Jeffrey D.
ar
X
iv
:1
70
9.
02
48
5v
2 
 [m
ath
.N
T]
  1
8 F
eb
 20
18
ON THE HEIGHT OF SOLUTIONS
TO NORM FORM EQUATIONS
SHABNAM AKHTARI AND JEFFREY D. VAALER
Abstract. Let k be a number field. We consider norm form equations asso-
ciated to a full Ok-module contained in a finite extension field l. It is known
that the set of solutions is naturally a union of disjoint equivalence classes of
solutions. We prove that each nonempty equivalence class of solutions contains
a representative with Weil height bounded by an expression that depends on
parameters defining the norm form equation.
1. Introduction
Classically norm form equations are defined over the field of rational numbers.
Let ω1, ω2, . . . , ωN , be points in Q that are Q-linearly independent, and let
K = Q(ω1, ω2, . . . , ωN )
be the algebraic number field that they generate. We assume that [K : Q] =
d, and we write σ1, σ2, . . . , σd, for the distinct embeddings of K into Q. Using
ω1, ω2, . . . , ωN , we define a homogeneous polynomial in a vector variable x having
N independent coordinates x1, x2, . . . , xN , by
G(x) =
d∏
i=1
{ N∑
n=1
σi(ωn)xn
}
.(1.1)
It is easy to verify that G(x) has rational coefficients and, as ω1, ω2, . . . , ωN , are
Q-linearly independent, G(x) is not identically zero. The homogeneous polynomial
G(x) is called a norm form, because if ξ is a nonzero point with rational integer
coordinates ξ1, ξ2, . . . , ξN , then
G(ξ) = NormK/Q
(
ω1ξ1 + ω2ξ2 + · · ·+ ωNξN
)
,
where
NormK/Q : K
× → Q×
is the norm homomorphism. In [13] Schmidt proved his fundamental result, that
a norm form equation G(x) = b, where b ∈ Q, has only finitely many solutions if
G satisfies some natural non-degeneracy condition. Later, in another breakthrough
work [14], Schmidt dealt also with the case that G is degenerate and showed that
in that case, the set of solutions of the norm form equation can be partitioned in a
natural way into families, and is the union of finitely many such families. This was
soon followed by an analogous p-adic result due to Schlickewei [12]. Schmidt’s re-
sults have been generalized in different interesting ways (e.g. [6, 7, 8]), in particular
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Laurent, in [9], considered norm form equations into k, a finite algebraic extension
of Q.
Let k and l be algebraic number fields such that
Q ⊆ k ⊆ l ⊆ Q,
where Q is an algebraic closure of Q. We write k× and l× for the multiplicative
group of nonzero elements in k and l, respectively, and
(1.2) Norml/k : l
× → k×
for the norm homomorphism. We also write Ok for the ring of algebraic integers in
k, O×k for the multiplicative group of units in Ok, and Tor
(
O×k
)
for the finite group
of roots of unity in O×k . Then Ol, O
×
l , and Tor
(
O×l
)
are the analogous subsets in l.
Let ω1, ω2, . . . , ωe, be k-linearly independent elements of l that form a basis for l
as a k-vector space, and let σ1, σ2, . . . , σe, be the collection of distinct embeddings
of l into Q that fix the subfield k. It follows that
(1.3) F (x) =
e∏
i=1
(
σi(ω1)x1 + σi(ω2)x2 + · · ·+ σi(ωe)xe
)
is a homogeneous polynomial of degree e in independent variables x1, x2, . . . , xe,
and the coefficients of F belong to the field k. The homogeneous polynomial F (x)
defined by (1.3) is an example of a norm form. For β 6= 0 in k, we consider the
norm form equation
(1.4) F (x) = ζβ, where ζ ∈ Tor
(
O×k
)
,
and we seek to describe the solutions in (Ok)
e.
Rather than working with the polynomial F defined by (1.3), we will work instead
with the full Ok-module
(1.5) M =
{
ω1ν1 + ω2ν2 + · · ·+ ωeνe : νi ∈ Ok for i = 1, 2, . . . , e
}
generated by the basis ω1, ω2, . . . , ωe. If ν = (νi) is a nonzero point in (Ok)
e, we
have
F (ν) = Norml/k(µ),
where
µ = ω1ν1 + ω2ν2 + · · ·+ ωeνe
belongs to the full Ok-module M. Thus for β 6= 0 in k, we wish to describe the set
of solutions
(1.6)
{
µ ∈M : Norml/k(µ) ∈ Tor
(
O×k
)
β
}
.
There is a natural equivalence relation in M \ {0}, such that the set (1.6) is either
empty, or it is a disjoint union of finitely many equivalence classes.
If α 6= 0 belongs to l, then αω1, αω2, . . . , αωe, is also a basis for l as a k-vector
space. This second basis generates the full Ok-module
αM =
{
αω1ν1 + αω2ν2 + · · ·+ αωeνe : νi in Ok for i = 1, 2, . . . , e
}
.
We say that the Ok-modules M and αM are proportional. It is obvious that propor-
tionality is an equivalence relation in the collection of all full Ok-modules contained
in l. As
Norml/k(αµ) = Norml/k(α)Norml/k(µ),
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the problem of describing the solution set (1.6) changes insignificantly if the Ok-
moduleM is replaced by a proportional Ok-module αM. Each proportionality class
plainly contains a representative that is a subset of Ol. Therefore in the remainder
of this paper we assume that M ⊆ Ol. With this assumption we can restrict our
attention to solution sets (1.6) such that β 6= 0 also belongs to Ok.
The coefficient ring associated to the full module M is the subset
(1.7) OM =
{
α ∈ l : αM ⊆M
}
.
It is easy to check that proportional Ok-modules contained in l have the same
coefficient ring. Let ψ1, ψ2, . . . , ψf , be an integral basis for Ok. It follows that
e = [l : k], f = [k : Q],
and that
(1.8)
{
ωiψj : i = 1, 2, . . . , e, and j = 1, 2, . . . , f
}
is a basis for M as a full Z-module in l. Therefore we can appeal to classical results
such as [3, Chap. 2, Sec. 2, Theorem 3], and conclude that the coefficient ring OM
is an order in l. We recall (see [16, Chapter 5, section 1]) that Ol is the maximal
order in l, so that
OM ⊆ Ol.
Let r(l) be the rank of the group O×l of units in Ol, and let r(k) be the rank of
O×k . By the extension of Dirichlet’s unit theorem to orders, the subgroup
O×
M
= OM ∩O
×
l
of units in OM has rank r(l), and therefore the index
[
O×l : O
×
M
]
is finite. And it
follows from (1.7) that
(1.9) O×
M
=
{
α ∈ l : αM = M
}
.
Hence the group O×
M
acts on the module M by multiplication. Let
(1.10) El/k(M) =
{
α ∈ O×
M
: Norml/k(α) ∈ Tor
(
O×k
)}
be the subgroup of relative units in the coefficient ring OM. In Lemma 2.1 we show
that the subgroup El/k(M) has rank
r(l/k) = r(l)− r(k).
Now suppose that β 6= 0 belongs to Ok, and µ in M satisfies
(1.11) Norml/k(µ) = ζβ, where ζ ∈ Tor
(
O×k
)
.
If γ belongs to the group El/k(M) of relative units in OM, then (1.9) implies that
γµ belongs to M. And it follows from (1.10) that
(1.12) Norml/k(γµ) = Norml/k(γ)ζβ = ζ
′β, where ζ′ ∈ Tor
(
O×k
)
.
We say that two nonzero elements µ1 and µ2 in M are equivalent if there exists an
element γ in the group El/k(M) such that γµ1 = µ2. It is trivial that this is an
equivalence relation in M\ {0}. Indeed, each equivalence class is also a coset in the
quotient group l×/El/k(M). It follows from (1.11) and (1.12) that for each β 6= 0 in
Ok, the set (1.6) is a disjoint union of equivalence classes. It is known that (1.6) is
a disjoint union of finitely many such equivalence classes (see [9, 14]). A finiteness
result of this sort also follows from Northcott’s theorem [11] (see also [2, Theorem
1.6.8]) and the following inequality. Here we write α 7→ h(α) for the Weil height of
an algebraic number α 6= 0, and we define this explicitly in (3.2).
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Theorem 1.1. Let the full Ok-module M ⊆ Ol be defined by (1.5), and assume
that the rank r(l/k) of the group El/k(M) of relative units is positive. Let
(1.13) ε1, ε2, . . . , εr(l/k),
be multiplicatively independent units in the subgroup El/k(M). Assume that β 6= 0
is a point in Ok, and µ 6= 0 is a point in M, such that
(1.14) Norml/k(µ) = ζβ, where ζ ∈ Tor
(
O×k
)
.
Then there exists an element γ in El/k(M), such that γµ belongs to M,
(1.15) Norml/k(γµ) = ζ
′β, where ζ′ ∈ Tor
(
O×k
)
,
and
(1.16) h(γµ) ≤ 12
r(l/k)∑
j=1
h(εj) + [l : k]
−1h(β).
So as to give a complete treatment of the problem considered here, we also prove
the following much simpler result.
Theorem 1.2. Let the full Ok-module M ⊆ Ol be defined by (1.5), and assume
that the rank r(l/k) of the group El/k(M) of relative units is zero. Assume that
β 6= 0 is a point in Ok, and µ 6= 0 is a point in M, such that
(1.17) Norml/k(µ) = ζβ, where ζ ∈ Tor
(
O×k
)
.
Then we have
(1.18) h(µ) = [l : k]−1h(β).
2. The rank of the group of relative units
Following Costa and Friedman [4] and [5], the subgroup of relative units in O×l
with respect to the subfield k, is defined by
El/k =
{
α ∈ O×l : Norml/k(α) ∈ Tor
(
O×k
)}
.
Hence the subgroup of relative units in OM is
El/k(M) = El/k ∩O
×
M
.
Costa and Friedman show that El/k has rank r(l) − r(k) (see also [1, section 3]).
Here we show that the subgroup El/k(M) also has rank r(l)− r(k).
Lemma 2.1. Let the full Ok-module M ⊆ Ol be defined by (1.5), and let the
subgroup El/k(M) of relative units in O
×
M
be defined by (1.10). Then the rank of
El/k(M) is
(2.1) r(l/k) = r(l)− r(k).
Proof. As OM is an order in l, it follows from the extension of Dirichlet’s unit
theorem to orders (see [3, Chap. 2, Sec. 4, Theorem 5]) that the group of units
O×
M
has rank r(l). The norm (1.2) restricted to O×
M
is a homomorphism
Norml/k : O
×
M
→ O×k ,
and the norm restricted to the torsion subgroup Tor
(
O×
M
)
is a homomorphism
Norml/k : Tor
(
O×
M
)
→ Tor
(
O×k
)
.
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Hence we get a well defined homomorphism, which we write as
(2.2) norml/k : O
×
M
/Tor
(
O×
M
)
→ O×k /Tor
(
O×k
)
,
by setting
norml/k
(
αTor
(
O×
M
))
= Norml/k(α)Tor
(
O×k
)
.
To simplify notation we write
FM = O
×
M
/Tor
(
O×
M
)
, and Fk = O
×
k /Tor
(
O×k
)
,
and we use coset representatives rather than cosets for points in FM and Fk. It is
clear that FM and Fk are free groups such that
rankFM = rankO
×
M
= r(l), rankFk = rankO
×
k = r(k),
and
norml/k : FM → Fk.
We note that the image of the subgroup
El/k(M) =
{
α ∈ O×
M
: Norml/k(α) ∈ Tor
(
O×k
)}
of relative units in the group FM, is the kernel
(2.3)
{
α ∈ FM : norml/k(α) = 1
}
of the homomorphism norml/k. Thus it suffice to show that the kernel (2.3) has
rank r(l)− r(k).
Let ϕ1, ϕ2, . . . , ϕr(k) be multiplicatively independent elements in the group O
×
k .
As O×k ⊆ O
×
l and the index [O
×
l : O
×
M
] is finite, there exist positive integers
m1,m2, . . . ,mr(k) such that
ϕm11 , ϕ
m2
2 , . . . , ϕ
mr(k)
r(k)
are multiplicatively independent elements in
O×
M
∩O×k .
For each j = 1, 2, . . . , r(k) we have
norml/k
(
ϕ
mj
j
)
= ϕ
emj
j ,
where e = [l : k]. Hence the image of the homomorphism norml/k in O
×
k has rank
r(k). It follows that the kernel of the homomorphism norml/k has rank r(l)− r(k).
We have already noted that this is the rank of El/k(M), and so the proof of the
lemma is complete. 
3. Inequalities for relative units
At each place w of l we write lw for the completion of l at w, so that lw is a local
field. We select two absolute values ‖ ‖w and | |w from the place w. The absolute
value ‖ ‖w extends the usual archimedean or nonarchimedean absolute value on the
subfield Q. Then | |w must be a power of ‖ ‖w, and we set
(3.1) | |w = ‖ ‖
dw/d
w ,
where dw = [lw : Qw] is the local degree of the extension, and d = [l : Q] is the
global degree. With these normalizations the Weil height (or simply the height) is
a function
h : l× → [0,∞)
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defined at each algebraic number α that belongs to l×, by
(3.2) h(α) =
∑
w
log+ |α|w =
1
2
∑
w
∣∣log |α|w∣∣.
Each sum in (3.2) is over the set of all places w of l, and the equality between the
two sums follows from the product formula. Then h(α) depends on the algebraic
number α 6= 0, but it does not depend on the number field l that contains α. It
is often useful to recall that the height is constant on each coset of the quotient
group l×/Tor
(
l×
)
, and therefore we have h(ζα) = h(α) for each element α in l×,
and each root of unity ζ in Tor
(
l×
)
. Elementary properties of the height (see [2]
for further details) imply that the map (α, β) 7→ h
(
αβ−1
)
defines a metric on the
group l×/Tor
(
l×
)
. If α belongs to the subgroup k×, we have
(3.3) h(α) = 12
∑
w
∣∣log |α|w∣∣ = 12
∑
v
∣∣log |α|v∣∣,
where the sum on the right of (3.3) is over the set of all places v of k, and the
absolute values | |v are normalized with respect to k. We write v for a place of k,
and use w or x for a place of l. Additional properties of the Weil height on groups
are discussed in [1], and [15].
For each place v of k we write
Wv(l/k) =
{
w : w is a place of l and w|v
}
.
The set W∞(l/Q) of archimedean (or infinite) places of l has cardinality r(l) + 1,
and similarly the set W∞(k/Q) has cardinality r(k) + 1. Let R
r(l)+1 denote the
real vector space of (column) vectors ξ = (ξw) with coordinates indexed by places
w in W∞(l/Q). We define
(3.4) Dr(l/k) =
{
ξ ∈ Rr(l)+1 :
∑
w|v
ξw = 0 for each v in W∞(k/Q)
}
,
so that Dr(l/k) is a subspace of dimension(
r(l) + 1
)
−
(
r(k) + 1
)
= r(l)− r(k) = r(l/k).
contained in Rr(l)+1. Let η1, η2, . . . , ηr(l/k), be a fundamental system of units for
the subgroup El/k(M) of relative units in O
×
M
, so that
El/k(M) = Tor
(
El/k(M)
)
⊗
〈
η1, η2, . . . , ηr(l/k)
〉
.
Then let L denote the (r(l) + 1)× r(l/k) real matrix
(3.5) L =
(
log |ηj |w
)
,
where w in W∞(l/Q) indexes rows, and j = 1, 2, . . . , r(l/k), indexes columns. Be-
cause the relative regulator does not vanish (see [4] and [5]), it follows that the
matrix L has R-rank equal to r(l/k). Then using the product formula we find that
(3.6) y 7→ Ly =
( s∑
j=1
yj log |ηj |v
)
is a linear map from the R-linear space
(3.7) Rr(l/k) =
{
y = (yj) : j = 1, 2, . . . , r(l/k), and yj ∈ R
}
onto the subspace Dr(l/k).
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Lemma 3.1. Let ε1, ε2, . . . , εr(l/k), be a collection of multiplicatively independent
elements in the group El/k(M) of relative units, and write
E =
〈
ε1, ε2, . . . , εr(l/k)
〉
⊆ El/k(M)
for the subgroup they generate. Let z = (zw) be a vector in the subspace Dr(l/k).
Then there exists a point γ in E such that
(3.8)
∑
w|∞
∣∣log |γ|w − zw∣∣ ≤
r(l/k)∑
j=1
h(εj).
Proof. Let M be the (r(l) + 1)× r(l/k) real matrix
(3.9) M =
(
log |εj |w
)
,
where w in W∞(l/Q) indexes rows, and j = 1, 2, . . . , r(l/k), indexes columns. Be-
cause η1, η2, . . . , ηr(l/k), is a basis for the group El/k, there exists an r(l/k)× r(l/k)
matrix A =
(
aij
)
with integer entires such that
log |εj |w =
r(l/k)∑
i=1
aij log |ηi|w
for each place w in W∞(l/Q) and each j = 1, 2, . . . , r(l/k). Alternatively, we have
the matrix equation
M = LA.
By hypothesis ε1, ε2, . . . , εr(l/k), are multiplicatively independent elements of El/k.
It follows that A is nonsingular, and M has rank r(l/k). Using (3.6) we conclude
that
y 7→ Ay 7→ LAy =My =
( s∑
j=1
yj log |εj |v
)
is a linear map from the R-linear space (3.7) onto the subspaceDr(l/k). In particular,
there exists a unique point u = (uj) in (3.7) such that
(3.10) zw =
r(l/k)∑
j=1
uj log |εj|w
at each place w in W∞(l/Q). Let m = (mj) in Z
r(l/k) satisfy
(3.11) |mj − uj | ≤
1
2 , for each j = 1, 2, . . . , r(l/k).
Then write
(3.12) γ = εm11 ε
m2
2 · · · ε
ms
s , where s = r(l/k),
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so that γ belongs to the subgroup E. Using (3.2), (3.10), (3.11), and (3.12), we find
that
∑
w|∞
∣∣log |γ|w − zw∣∣ = ∑
w|∞
∣∣∣∣
r(l/k)∑
i=1
mi log |εi|w −
r(l/k)∑
j=1
uj log |εj|w
∣∣∣∣
≤
∑
w|∞
r(l/k)∑
j=1
|mj − uj |
∣∣log |εi|w∣∣
≤ 12
∑
w|∞
r(l/k)∑
j=1
∣∣log |εj|w∣∣
=
r(l/k)∑
j=1
h(εj).
This proves the lemma. 
Lemma 3.2. Let ε1, ε2, . . . , εr(l/k), be a collection of multiplicatively independent
elements in the group El/k(M) of relative units, and write
E =
〈
ε1, ε2, . . . , εr(l/k)
〉
⊆ El/k(M)
for the subgroup they generate. If µ belongs to l×, then there exists γ in E such that
(3.13)
∑
v|∞
∑
w|v
∣∣∣log |γµ|w − |Wv(l/k)|−1∑
x|v
log |γµ|x
∣∣∣ ≤
r(l/k)∑
j=1
h(εj).
Proof. Let z = (zw) be the vector in R
r(l)+1 defined at each place w in Wv(l/k) by
(3.14) zw = |Wv(l/k)|
−1
∑
x|v
log |µ|x − log |µ|w.
It follows that at each place v in W∞(k/Q) we have∑
w|v
zw =
∑
w|v
(
|Wv(l/k)|
−1
∑
x|v
log |µ|x − log |µ|w
)
=
∑
x|v
log |µ|x −
∑
w|v
log |µ|w
= 0.
Therefore z = (zw) belongs to the subspace Dr(l/k). By Lemma 3.1 there exists an
elements γ in E such that
(3.15)
∑
w|∞
∣∣log |γ|w − zw∣∣ ≤
r(l/k)∑
j=1
h(εj).
If w|v then using (3.4) and (3.14), we find that∣∣log |γ|w − zw∣∣ =
∣∣∣log |γµ|w − |Wv(l/k)|−1∑
x|v
log |µ|x
∣∣∣
=
∣∣∣log |γµ|w − |Wv(l/k)|−1∑
x|v
log |γµ|x
∣∣∣.(3.16)
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The inequality (3.13) follows by combining (3.15) and (3.16). 
4. Proof of Theorem 1.1 and Theorem 1.2
We suppose that the full Ok-module M ⊆ Ol is defined as in (1.5), and that the
rank r(l/k) of the group El/k(M) of relative units is positive. Let
E =
〈
ε1, ε2, . . . , εr(l/k)
〉
⊆ El/k(M)
be the subgroup generated by the multiplicatively independent units (1.13), and
assume that β 6= 0 in Ok, and µ 6= 0 in M, satisfy (1.14).
Let γ be a point in E such that the inequality (3.13) holds. Then at each place
v of k we have
[l : k]
∑
w|v
log |γµ|w = log
∣∣Norml/k(γµ)∣∣v
= log
∣∣Norml/k(µ)∣∣v
= log |β|v.
(4.1)
We also have
(4.2) 2[l : k]h(γµ) = [k : l]
∑
w|∞
∣∣log |γµ|w∣∣+ [k : l]∑
w∤∞
∣∣log |γµ|w∣∣.
Using (3.13) and (4.1) we estimate the first sum on the right of (4.2) by
[l : k]
∑
w|∞
∣∣log |γµ|w∣∣ ≤ [l : k]∑
v|∞
∑
w|v
∣∣∣log |γµ|w − |Wv(l/k)|−1∑
x|v
log |γµ|x
∣∣∣
+ [l : k]
∑
v|∞
∑
w|v
|Wv(l/k)|
−1
∣∣∣∑
x|v
log |γµ|x
∣∣∣
≤ [l : k]
r(l/k)∑
j=1
h(εj) +
∑
v|∞
∣∣log |Norml/k(γµ)|v∣∣
= [l : k]
r(l/k)∑
j=1
h(εj) +
∑
v|∞
∣∣log |β|v∣∣.
(4.3)
As µ and γµ belong to Ol, we get
log |γµ|w ≤ 0
at each finite place w of l. Hence the second sum on the right of (4.2) is
[l : k]
∑
w∤∞
∣∣log |γµ|w∣∣ = −[l : k]∑
v∤∞
∑
w|v
log |γµ|w
= −
∑
v∤∞
log |Norml/k(γµ)|v
=
∑
v∤∞
∣∣log |β|v∣∣
(4.4)
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By combining (4.2), (4.3), and (4.4), we find that
2[l : k]h(γµ) ≤ [l : k]
r(l/k)∑
j=1
h(εj) +
∑
v
∣∣log |β|v∣∣
= [l : k]
r(l/k)∑
j=1
h(εj) + 2h(β).
(4.5)
The inequality (4.5) is also (1.16) in the statement of Theorem 1.1.
Next we prove Theorem 1.2, where we assume that the rank of El/k(M) is zero.
That is, we assume that the rank r(k) is equal to the rank r(l). In general we have
r(k) ≤ r(l), and we recall (see [10, Proposition 3.20]) that r(k) = r(l) if and only if
l is a CM-field, and k is the maximal totally real subfield of l. Assume that β 6= 0
in Ok, and µ 6= 0 in M, satisfy (1.17). As in (4.1) we have
(4.6) [l : k]
∑
w|v
log |µ|w = log |Norml/k(µ)|v = log |β|v
at each place v of k. Because l is a CM-field and k is the maximal totally real
subfield of l, for each archimedean place v of k the set Wv(l/k) contains exactly
one place of l. If for each archimedean place v of k we write
Wv(l/k) = {wv},
then (4.6) asserts that
(4.7) [l : k] log |µ|wv = log |β|v.
In particular, at each archimedean place v of k we get
(4.8) [l : k] log+ |µ|wv = log
+ |β|v.
As β 6= 0 and µ 6= 0 are algebraic integers, we have
(4.9) log |β|v ≤ 0, and log |µ|w ≤ 0,
at each nonarchimedean place v of k, and each nonarchimedean place w of l. Now
(4.8) and (4.9) imply that
(4.10) [l : k]h(µ) = [l : k]
∑
v|∞
log+ |µ|wv =
∑
v|∞
log+ |β|v = h(β).
This verifies the identity (1.18).
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